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FOURIER-MUKAI TRANSFORMS AND BRIDGELAND STABILITY
CONDITIONS ON ABELIAN THREEFOLDS II
ANTONY MACIOCIA & DULIP PIYARATNE
Abstract. We show that the conjectural construction proposed by Bayer, Bertram, Macr´ı
and Toda gives rise to Bridgeland stability conditions for a principally polarized abelian three-
fold with Picard rank one by proving that tilt stable objects satisfy the strong Bogomolov-
Gieseker type inequality. This is done by showing certain Fourier-Mukai transforms give
equivalences of abelian categories which are double tilts of coherent sheaves.
Introduction
There is a growing interest in the study of Bridgeland stability conditions on varieties. This
notion was introduced in [Bri1] and some known examples can be found in [Bri2, AB, Oka,
Mac1, Mac2, MP, Sch]. See [Huy3] and [BBR, Appendix D] for comprehensive expositions
on the subject. Construction of such stability conditions on a given Calabi-Yau threefold is
an important problem but the only known example is on an abelian threefold (see [MP]). For
further motivation from, for example, Mathematical Physics, see [Clay, Tod1]. A conjectural
construction of such a stability condition for any projective threefold was introduced by Bayer,
Bertram, Macr´ı and Toda in [BMT, BBMT]. Here they introduced the notion of tilt stability
for objects in an abelian subcategory of the derived category which is a tilt of coherent sheaves.
These have now been studied extensively: [Tod2, LM, BMT, Mac2, MP, Sch]. This conjectural
construction has boiled down to the requirement that certain tilt stable objects satisfy a so-
called (weak) Bogomolov-Gieseker (B-G for short) type inequality. Moreover they went in to
propose a stronger version of this inequality which is known to hold for projective 3-space (see
[Mac2]) and smooth quadric threefold (see [Sch]). In [MP], for a principally polarized abelian
threefold, we prove that tilt stable objects satisfy the weak B-G type inequality associated
to a special complexified ample class. It was achieved by establishing an equivalence of two
abelian categories given by the classical Fourier-Mukai transform with kernel the Poincare´
bundle. The aim of this paper is to extend those ideas for certain kind of non-trivial Fourier-
Mukai transforms (FMT for short) to establish the strong B-G type inequality for the same
abelian threefold.
For an abelian variety X, the group of FMTs AutDb(X) is well understood via the notion
of isometric isomorphism (see [Orl2] or [Huy1, Chapter 9]). To any FMT ΦE with kernel E
Orlov constructed an isometric automorphism fE of the product X × X̂. He showed that
ΦE 7→ fE is a surjective map of groups and its kernel consists of trivial FMTs (which send
skyscraper sheaves to skyscraper sheaves up to shift) which also preserve Pic0(X) up to shift.
Date: November 22, 2015.
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18E35, 18E40.
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When (X,L) is a principally polarized abelian variety, let ˜SL(2,Z) be the central Z-extension
of the group SL(2,Z) generated by the FMT with kernel the Poincare´ bundle on the product
X ×X, (−)⊗L and [1] as a subgroup of AutDb(X). So (X × X̂)o ˜SL(2,Z) is a subgroup of
AutDb(X) and one can canonically identify the isometric automorphisms of it with elements
from SL(2,Z). Any FMT ΦE induces a linear isomorphism ΦHE ∈ GL(H2∗(X,Q)), called
the cohomological Fourier-Mukai transform, and this gives rise to a representation of the
corresponding group of FMTs. In this paper, when X is principally polarized with Picard
rank one, we obtain an explicit matrix description for this representation of (X×X̂)o ˜SL(2,Z)
in terms of fE . As a result, any such induced non-trivial transform on H2∗(X,Q) is an anti-
diagonal matrix with respect to some suitable twisted Chern characters. This allows us to
handle the numerology in the same way as that of the classical FMT. A matrix representation
for the induced transform of an abelian surface was also considered in [YY].
When α ∈ NSC(X) is a complexified ample class, it is expected that Zα(−) =
− ∫X e−α ch(−) defines a central charge function of some stability condition on X. The
space of all stability conditions carries a natural left action of the group AutDb(X). This
can be defined via a natural left action of AutDb(X) on Hom(K(X),C). When (X,L) is
a g-dimensional principally polarized abelian variety with Picard rank one, we can view the
action of ΦE ∈ (X × X̂)o ˜SL(2,Z) on Zα explicitly as: ΦE ·Zα = ζZα′ for some α′ ∈ NSC(X)
and ζ ∈ C∗ (see [MYY, Appendix] for the dimension 2 case). When ζ is real one can ex-
pect that the FMT ΦE gives an equivalence of some hearts of particular stability conditions
of Db(X) whose α and α′ are determined by = ζ = 0 (see Note 3.2). For example when
g = 2, following similar ideas in [Yos], one can show that any FMT gives an equivalence of
two abelian categories each of which are tilts of Coh(X) (see [Huy2]). Understanding the
homological FMT for the case of g = 3 is the basis of this paper. When the Picard rank is
1, this amounts to understanding the transforms as a numerical matrix. This then allows us,
in a similar way to [MP], to show that any non-trivial FMT in (X × X̂)o ˜SL(2,Z) gives an
equivalence of two abelian categories each of which are double tilts of Coh(X) (see Theorem
4.6). Minimal objects are sent to minimal objects again under an FMT. This enables us
to obtain an inequality involving the top part of the Chern character of minimal objects in
these abelian categories, and this is exactly the strong B-G type inequality. Therefore any
tilt stable object with zero tilt slope satisfies the strong inequality in [BMT] for our abelian
threefold case (see Theorem 4.8).
Toda considered similar ideas in an attempt to construct a “Gepner” type stability con-
dition on a quintic threefold using the spherical twist of the structure sheaf (see [Tod3]). In
[Pol], Polishchuk tested the existence of stability conditions for abelian varieties by studying
“Lagrangian-invariant” objects of Db(X).
Notation
We follow the notation of the first paper [MP] which we summarize and extend as follows.
(i) We will denote an n× n anti-diagonal matrix with entries ak by
adiag(a1, . . . , an)ij :=
{
ak if i = k, j = n+ 1− k
0 otherwise.
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(ii) For 0 ≤ i ≤ dimX, Coh≤i(X) := {E ∈ Coh(X) : dim Supp(E) ≤ i}, Coh≥i(X) := {E ∈
Coh(X) : for 0 6= F ⊂ E, dim Supp(F ) ≥ i} and Cohi(X) := Coh≤i(X) ∩ Coh≥i(X).
(iii) For an interval I ⊂ R ∪ {+∞}, HNµω,B(I) := {E ∈ Coh(X) : [µ−ω,B(E), µ+ω,B(E)] ⊂ I}.
Similarly the subcategory HNνω,B(I) ⊂ Bω,B is defined.
(iv) For a Fourier-Mukai functor Υ and a heart A of a t-structure for which Db(X) ∼= Db(A),
ΥkA(E) := H
k
A(Υ(E)). For a sequence of integers i1, . . . , is,
V ΥA (i1, . . . , is) := {E ∈ Db(X) : ΥjA(E) = 0 for j /∈ {i1, . . . , is}}.
If Υ is a Fourier-Mukai transform then E ∈ Coh(X) being Υ-WITi is equivalent to
E ∈ V ΥCoh(X)(i).
(v) For a g-dimensional polarized projective variety (X,L) with Picard rank one over C, the
Chern character of any E ∈ Db(X) is of the form (a0, a1`, a2`2/2!, . . . , ag`g/g!) for some
ai ∈ Z. Here ` := c1(L). For simplicity we write ch(E) = (a0, a1, a2, . . . , ag). Also we
abuse notation to write Lk for the functor (−)⊗ Lk.
1. Preliminaries
1.1. Construction of stability conditions for threefolds. Let us quickly recall the con-
jectural construction of stability conditions for a given smooth projective threefold X over C
as introduced in [BMT]. Let ω,B be in NSR(X) with ω an ample class, i.e. B+ iω ∈ NSC(X)
is a complexified ample class. The twisted Chern character with respect to B is defined by
chB(−) = e−B ch(−). The twisted slope µω,B(E) of E ∈ Coh(X) is defined by
µω,B(E) =
{
+∞ if E is a torsion sheaf
ω2 chB1 (E)
chB0 (E)
otherwise.
We say E ∈ Coh(X) is µω,B-(semi)stable, if for any 0 6= F  E, µω,B(F ) < (≤)µω,B(E/F ).
The Harder-Narasimhan (H-N for short) property holds for Coh(X) and so we can define the
slopes
µ+ω,B(E) = max06=G⊆E
µω,B(G), µ
−
ω,B(E) = minG(E
µω,B(E/G)
of E ∈ Coh(X). Then for a given interval I ⊂ R ∪ {+∞}, the subcategory HNµω,B(I) ⊂
Coh(X) is defined by
HNµω,B(I) = {E ∈ Coh(X) : [µ−ω,B(E), µ+ω,B(E)] ⊂ I}.
The subcategories Tω,B and Fω,B of Coh(X) are defined by
Tω,B = HNµω,B(0,+∞], Fω,B = HNµω,B(−∞, 0].
Now (Tω,B,Fω,B) forms a torsion pair on Coh(X) and let the abelian category Bω,B =
〈Fω,B[1], Tω,B〉 ⊂ Db(X) be the corresponding tilt of Coh(X). Define the central charge
function Zω,B : K(X)→ C by Zω,B(E) = −
∫
X e
−B−iω ch(E).
Following [BMT], the tilt-slope νω,B(E) of E ∈ Bω,B is defined by
νω,B(E) =
{
+∞ if ω2 chB1 (E) = 0
=Zω,B(E)
ω2 chB1 (E)
otherwise.
In [BMT] the notion of νω,B-stability for objects in Bω,B is introduced in a similar way to
µω,B-stability for Coh(X). Also it is proved that the abelian category Bω,B satisfies the H-N
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property with respect to νω,B-stability. Then one can define the slopes ν
+
ω,B, ν
−
ω,B for objects in
Bω,B and the subcategory HNνω,B(I) ⊂ Bω,B for an interval I ⊂ R∪{+∞}. The subcategories
T ′ω,B and F ′ω,B of Bω,B are defined by
T ′ω,B = HNνω,B(0,+∞], F ′ω,B = HNνω,B(−∞, 0].
Then (T ′ω,B,F ′ω,B) forms a torsion pair on Bω,B and let the abelian category Aω,B =
〈F ′ω,B[1], T ′ω,B〉 ⊂ Db(X) be the corresponding tilt.
Conjecture 1.1. ([BMT, Conjecture 3.2.6]) The pair (Zω,B,Aω,B) is a Bridgeland stability
condition on Db(X).
Definition 1.2. (i) Let Cω,B be the class of νω,B-stable objects E ∈ Bω,B with νω,B(E) = 0.
(ii) Let Mω,B be the class of objects E ∈ Cω,B with Ext1(Ox, E) = 0 for any x ∈ X.
The objects in Mω,B[1] are minimal objects in Aω,B (see [MP, Lemma 2.3]).
Let us assume B ∈ NSQ(X) and ω ∈ NSR(X) is an ample class with ω2 is rational. Then
similar to the proof of [BMT, Proposition 5.2.2] one can show that the abelian category Aω,B
is Noetherian. Therefore Conjecture 1.1 is equivalent to the following (see [BMT, Corollary
5.2.4]).
Conjecture 1.3. ([BMT, Conjecture 3.2.7]) Any E ∈ Cω,B satisfies the so-called
Bogomolov-Gieseker Type Inequality:
<Zω,B(E[1]) < 0, i.e. chB3 (E) <
ω2
2
chB1 (E).
Moreover in [BMT] they proposed the following strong inequality for objects in Cω,B.
Conjecture 1.4. ([BMT, Conjecture 1.3.1]) Any E ∈ Cω,B satisfies the so-called Strong
Bogomolov-Gieseker Type Inequality:
chB3 (E) ≤
ω2
18
chB1 (E).
For any E ∈ Cω,B, there exists E′ ∈ Mω,B such that 0 → E → E′ → T → 0 is a short
exact sequence (SES for short) in Bω,B for some T ∈ Coh0(X) (see [MP, Proposition 2.9]).
Therefore one only needs to check the B-G (respectively, strong B-G) type inequality for
objects in Mω,B.
1.2. Autoequivalences of abelian varieties. First of all we briefly introduce Fourier-
Mukai theory (see [BBR, Huy1] for further details). Let X,Y be smooth projective varieties
and let pi, i = 1, 2 be the projection maps from X×Y to X and Y , respectively. The Fourier-
Mukai functor (FM functor for short) ΦX→YE : D
b(X) → Db(Y ) with kernel E ∈ Db(X × Y )
is defined by
ΦX→YE (−) = Rp2∗(E
L⊗ p∗1(−)).
When ΦX→YE is an equivalence of the derived categories it is called a Fourier-Mukai transform
(FMT for short). On the other hand Orlov’s representability theorem (see [Orl1]) says that
any equivalence between Db(X) and Db(Y ) is isomorphic to ΦX→YE for some E ∈ Db(X ×Y ).
Any FM functor ΦE : Db(X) → Db(Y ) induces a linear map ΦHE : H2∗(X,Q) → H2∗(Y,Q)
(sometimes called the cohomological FM functor) and it is an isomorphism when ΦE is an
FMT.
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Example 1.5. Let (X,L) be a principally polarized abelian variety of dimension g with group
operation m : X×X → X. Then the isogeny φL : X → X̂, x 7→ t∗xL⊗L−1 is an isomorphism
and also χ(L) = `g/g! = 1. In the rest of the paper let Φ : Db(X) → Db(X) be the FMT
with the Poincare´ line bundle P = m∗L⊗ p∗1L−1⊗ p∗2L−1 on X ×X as the kernel. In [Muk2]
Mukai proved that
• Φ is an autoequivalence of the derived category Db(X),
• Φ ◦ Φ ∼= (−1)∗ idDb(X)[−g], and
• (L ◦ Φ)3 ∼= idDb(X)[−g].
If we assume the Picard rank of X is 1 and write ch(E) = (a0, a1`, a2`
2/2!, . . . , ag`
g/g!),
then we have ch(Φ(E)) = ΦH(ch(E)) = (ag,−ag−1`, ag−2`2/2!, . . . , (−1)ga0`g/g!) (see [Huy1,
Lemma 9.23]).
Following the work of Orlov the group AutDb(X) of FMTs from X to X can be described
explicitly as follows (see [Orl2] and [Huy1, Chapter 9] for further details). Let X,Y be two
abelian varieties. Then one can write any morphism f : X × X̂ → Y × Ŷ as a matrix
f =
(
p q
r s
)
for some morphisms p : X → Y , q : X̂ → Y , r : X → Ŷ and s : X̂ → Ŷ . These
morphisms have duals: p̂ : Ŷ → X̂, q̂ : Ŷ → X, r̂ : Y → X̂ and ŝ : Y → X. We associate a
morphism f˜ : Y × Ŷ → X× X̂ to f by setting f˜ =
(
ŝ −q̂
−r̂ p̂
)
. Then f is said to be isometric
if it is an isomorphism and its inverse f−1 ∼= f˜ . When Y = X, we denote the group of all
isometric automorphisms of X × X̂ by U(X × X̂).
Let ΦX→YE be an FMT between two abelian varieties X and Y with kernel E ∈ Db(X×Y ).
Let us define the map µX : X × X → X × X by µX(x1, x2) = (x1,m(x1, x2)). Let PX =
p∗14O∆ ⊗ p∗23PX , where pij are the projection maps from (X × X̂) × (X × X), O∆ is the
structure sheaf on the diagonal ∆ ⊂ X ×X, and PX is the Poincare´ bundle on X̂ ×X.
Let F ∈ Db(X × Y ) be an object such that ΦY→XF ∼=
(
ΦX→YE
)−1
and let AdE be the FMT
from X ×X to Y × Y with kernel F  E . Then it satisfies
ΦY→YAdE(G)
∼= ΦX→YE ◦ ΦX→XG ◦
(
ΦX→YE
)−1
for any G ∈ Db(X×X) (see [Orl2]). Now define the equivalence FE : Db(X×X̂)→ Db(Y ×Ŷ )
by
FE =
(
Φ
(Y×Ŷ )→(Y×Y )
PY
)−1
◦ (RµY ∗)−1 ◦AdE ◦ RµX∗ ◦ Φ(X×X̂)→(X×X)PX ,
so that FE fits into the following commutative diagram (see [Huy1, Orl2]).
Db(X × X̂)
Φ
(X×X̂)→(X×X)
PX

FE // Db(Y × Ŷ )
Φ
(Y×Ŷ )→(Y×Y )
PY

Db(X ×X)
RµX∗

Db(Y × Y )
RµY ∗

Db(X ×X) AdE // Db(Y × Y )
The equivalence FE can also be expressed in a simple form as follows.
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Lemma 1.6. ([Huy1, Proposition 9.39], [Orl2]) The equivalence FE is isomorphic to fE∗(−)⊗
NE for some line bundle NE on Y × Ŷ and isometric isomorphism fE : X × X̂ → Y × Ŷ .
Moreover, fE(s, ŝ) = (t, t̂) if and only if Φ(t,t̂) ◦ ΦX→YE ∼= ΦX→YE ◦ Φ(s,ŝ). Here Φ(z,ẑ) =
tz∗(−)⊗Pẑ and Pẑ is the restriction of the Poincare´ line bundle on the product Z × Ẑ.
Example 1.7. Let (X,L) be a principally polarized abelian variety. The following examples
are important in this paper (see [Huy1, Examples 9.38]). Here δ : X → X×X is the diagonal
embedding.
ΦE fE NE
[1] = ΦX→XO∆[1] f[1] = idX×X̂ OX×X̂
Φ(s,ŝ) = ts∗(−)⊗Pŝ f(s,ŝ) = idX×X̂ Pŝ P∗s
Φ = ΦX→XP fP =
 0 −φ−1L
φL 0
 PX
(−)⊗ L = ΦX→Xδ∗L fδ∗L =
 1 0
−φL 1
 LO
X̂
Let X,Y, Z be abelian varieties and let ΦX→YE , Φ
Y→Z
F , Φ
X→Z
G be FMTs such that Φ
X→Z
G ∼=
ΦY→ZF ◦ΦX→YE . Then one can show that fG ∼= fF ◦ fE and NG ∼= NF ⊗ fF∗NE . So we have a
well defined group homomorphism
σX : AutD
b(X)→ U(X × X̂), ΦE 7→ fE .
Lemma 1.8. ([Huy1, Proposition 9.55]) The map σX is an epimorphism and its kernel
consists of autoequivalences Φ(s,ŝ)[k] where s ∈ X, ŝ ∈ X̂ and k ∈ Z. So kerσX ∼= Z⊕(X×X̂).
Notation 1.9. Assume (X,L) is a principally polarized abelian variety. Let ˜SL(2,Z) be the
central Z-extension of the group SL(2,Z) generated by the FMTs Φ, (−) ⊗ L and [1] as a
subgroup of AutDb(X). So (X × X̂)o ˜SL(2,Z) is a subgroup of AutDb(X). Consequently,
we have the following diagram (see [Huy1, Chapter 9]):
0 // Z⊕ (X × X̂) // AutDb(X) // U(X × X̂) // 1
0 // Z⊕ (X × X̂) // (X × X̂)o ˜SL(2,Z) //
?
OO
SL(2,Z) //
?
OO
1.
The isometric automorphism of any FMT in (X × X̂)o ˜SL(2,Z) is of the form(
x yφ−1L
zφL w
)
for some x, y, z, w ∈ Z satisfying xw − yz = 1. In the rest of the paper we abuse notation
by dropping φL, φ
−1
L from this matrix. In this way we canonically identify such isometric
automorphisms with elements of SL(2,Z).
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2. Matrix Representations of GL(2,R) and Induced FMTs on H2∗(X,Q)
2.1. Finite dimensional matrix representations of GL(2,R). Following [Kna], we ex-
plicitly construct a variant of the symmetric power representation of all dimensions (≥ 2) of
GL(2,R).
For k ≥ 2, let Vk be the vector space of homogeneous polynomials over R in variables u1, u2
of degree k. Then Vk =
⊕k
r=0R
(
uk−r1 u
r
2
)
. So the set
Ω =
{
uk1,−
(
k
1
)
uk−11 u2, . . . , (−1)r
(
k
r
)
uk−r1 u
r
2, . . . , (−1)kuk2
}
is a basis of Vk. Here
(
k
r
)
=
{
k!
r!(k−r)! if 0 ≤ r ≤ k,
0 otherwise.
We have dimR Vk = k + 1. Let us define the map ρ
(k) : GL(2,R)→ GL(Vk) by
ρ(k)(X)
(
Q
(
u1
u2
))
= Q
(
XT
(
u1
u2
))
,
for X ∈ GL(2,R) and Q
(
u1
u2
)
∈ Vk. Then one can easily check that ρ(k) is a (k + 1)-
dimensional linear representation of GL(2,R). We now explicitly compute the matrix rep-
resentation of ρ(k) with respect to the basis Ω. Let X =
(
x y
z w
)
∈ GL(2,R) and let
a
(k)
m,n(x, y, z, w) be the (m,n)-entry of ρ(k)(X). By definition
(−1)n−1
(
k
n− 1
)
(xu1 + zu2)
k−n+1(yu1 + wu2)n−1
= . . .+ a(k)m,n(−1)m−1
(
k
m− 1
)
uk−m+11 u
m−1
2 + . . . .
By setting λ = k −m− i+ 2, we have the following.
Proposition 2.1. The (m,n)-entry a
(k)
m,n(x, y, z, w) of ρ(k)
(
x y
z w
)
is
(−1)n−m
∑
λ∈Z
(
k −m+ 1
λ− 1
)(
m− 1
n− λ
)
xk−m−λ+2yλ−1zm−n+λ−1wn−λ.
Here a
(k)
m,n(x, y, z, w) are polynomials of x, y, z, w with coefficients from Z. Therefore
ρ(k)(SL(2,Z)) ⊂ GL(k + 1,Z).
2.2. Induced cohomological FMTs. We now recall some important notions from finite
continued fraction theory (see [HW] for further details). Let m = (m1, . . . ,mn) be a sequence
of integers. Define si, ti for 0 ≤ i ≤ n by
s0 = 1, s1 = m1, sk = mksk−1 + sk−2 (2 ≤ k ≤ n),
t0 = 0, t1 = 1, tk = mktk−1 + tk−2 (2 ≤ k ≤ n).
The key result for us is the following standard fact which we reproduce for the reader’s
convenience:
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Proposition 2.2. If we write the finite continued fraction by
[m1,m2, . . . ,mn] = m1 +
1
m2 +
1
· · ·+ 1
mn
then
sn
sn−1
= [mn, . . . ,m1],
tn
tn−1
= [mn, . . . ,m2],
sn
tn
= [m1, . . . ,mn] and sntn−1 − sn−1tn =
(−1)n.
Let (X,L) be a g-dimensional principally polarized abelian variety. The transform Φm :
Db(X)→ Db(X) is defined by
Φm := Φ ◦ L(−1)n+1mn ◦ Φ ◦ · · · ◦ L−m2 ◦ Φ ◦ Lm1 ◦ Φ.
Here Φ is the FMT from X to X with the Poincare´ line bundle P on X × X as its kernel
and Lk is (−)⊗ Lk.
Proposition 2.3. The isometric automorphism associated to the FMT Φm is
fm = (−1)
n(n+1)
2
(
(−1)n+1tn (−1)n+1sn
tn−1 sn−1
)
.
Proof. By induction on n. 
Assume the Picard rank of X is one and let ` be c1(L). As usual, we write ch(E) =
(a0, a1, a2, . . . , ag) and so the induced transform on H
2∗(X,Q) can be expressed as a (g+1)×
(g + 1) invertible matrix.
Example 2.4. The following examples of induced FMTs on H2∗(X,Q) are important in this
paper. We identify them in matrix form as images of the corresponding isometric automor-
phisms under ρ(g) as given by Proposition 2.1.
ΦE ΦHE
[1] = ΦX→XO∆[1] −Ig = −ρ(g)
(
f[1]
)
Φ(x,x̂) = tx∗(−)⊗Px̂ Ig = ρ(g)
(
f(x,x̂)
)
Φ = ΦX→XP adiag (1,−1, . . . , (−1)g) = ρ(g) (fP)
(−)⊗ L = ΦX→Xδ∗L
(
i−1
j−1
)
1≤i,j≤g+1 = ρ
(g) (fδ∗L)
Since (X,L) is principally polarized, any FMT ΦE in (X × X̂)o ˜SL(2,Z) is isomorphic to
Φm ◦ Φ(s,ŝ) ◦ [p] for some sequence of integers m, s ∈ X, ŝ ∈ X̂ and p ∈ Z. The induced
transform ΦHE on H
2∗(X,Q) gives a well defined group homomorphism
(X × X̂)o ˜SL(2,Z)→ GL(H2∗(X,Q)), ΦE 7→ ΦHE
given by ΦHE = (−1)pΦHm and ΦHm = ρ(g) (fm). Also fE = fm.
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For m = (m1, . . . ,mn), let x = (−1)
(n+1)(n+2)
2 tn, y = (−1)
(n+1)(n+2)
2 sn, z = (−1)
n(n+1)
2 tn−1
and w = (−1)n(n+1)2 sn−1. By Proposition 2.3, the induced transform on H2∗(X,Q) is ΦHm =
ρ(g)
(
x y
z w
)
and its (m,n)-entry is given explicitly in Proposition 2.1.
Up to shift, any non-trivial FMT in (X × X̂) o ˜SL(2,Z) is isomorphic to some FMT ΦE
with a universal bundle E on X × X as the kernel. Therefore ΦHE = ρ(g)
(
x y
z w
)
for some
x, y, z, w ∈ Z such that xw − yz = 1 and rk(E{s}×X) = ch0(ΦE(Os)) = (−1)gyg > 0 for any
s ∈ X.
Example 2.5. For the case g = 2
ΦHE =
 x2 −2xy y2−xz xw + yz −yw
z2 −2zw w2
 .
Example 2.6. For the case g = 3
ΦHE =

x3 −3x2y 3xy2 −y3
−x2z x2w + 2xyz −y2z − 2xyw y2w
xz2 −yz2 − 2xzw xw2 + 2yzw −yw2
−z3 3z2w −3zw2 w3
 .
Let us simply denote the twisted Chern character chb` by chb. Since
(
(−)⊗ Lk)H =
ρ(g)
(
1 0
−k 1
)
, we have
ch−w/y (ΦE(E)) = ew`/y ΦHE
(
ex`/y chx/y(E)
)
= ρ(g)
(
1 0
−w/y 1
)(
x y
z w
)(
1 0
−x/y 1
)
chx/y(E).
Since xw − yz = 1, we obtain the following presentation.
Theorem 2.7.
ch−w/y (ΦE(E)) = ρ(g)
(
0 y
−1/y 0
)
chx/y(E)
= (−1)gyg adiag
(
1,
−1
y2
, . . . ,
(−1)g−1
y2(g−1)
,
(−1)g
y2g
)
chx/y(E).
Remark 2.8. As a result of this theorem, we can see that the induced transform on H2∗(X,Q)
of any non-trivial FMT in (X × X̂)o ˜SL(2,Z) with respect to the appropriate twisted Chern
characters looks somewhat similar to the induced transform of Φ on H2∗(X,Q) with usual
Chern characters.
3. Action of FMTs on Stability Conditions
A Bridgeland stability condition σ on a triangulated category D consists of a stability
function Z together with a slicing P of D satisfying certain axioms. Equivalently, one can
define σ by giving a bounded t-structure on D together with a stability function Z on the
corresponding heart A satisfying the H-N property. Then σ is usually written as the pair
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(Z,P) or (Z,A). See [Bri1], [Huy3] or [BBR, Appendix D] for further details. Let Υ ∈ AutD
and let W : K(D)→ C be a group homomorphism. Then
(Υ ·W ) ([E]) = W ([Υ−1(E)])
defines a left action of the group AutD on Hom(K(D),C). Moreover this can be extended
to the natural left action of AutD on the space of all stability conditions on D by defining
Υ · (Z,A) = (Υ · Z,Υ(A)).
Let (X,L) be a principally polarized g-dimensional abelian variety with Picard rank one
and let ` be c1(L). Then the Todd class of X is trivial and so for any object in D
b(X) the
Mukai vector is the Chern character. Any complexified class in NSC(X) is of the form u` for
some u = b+ im ∈ C, where b,m ∈ R. Assume m 6= 0. Define the function Zu` : K(X)→ C
by
Zu`(E) = −
∫
X
e−u` ch(E).
If we denote the Mukai pairing on X by 〈−,−〉 then Zu`(E) = 〈eu`, ch(E)〉. It is expected
that Zu` is a central charge of some stability condition on X (see [BMT, Conjecture 2.1.2],
[Pol]). This is already known to be true for g = 1, 2 completely, and the authors proved the
case of m =
√
3/2, b = 1/2 for g = 3 in [MP, Theorem 3.3].
Let ΦE be a non-trivial FMT in (X × X̂) o ˜SL(2,Z) with kernel the universal bundle
E on X × X. From the previous section, the induced transform on H2∗(X,Q) is ΦHE =
ρ(g)
(
x y
z w
)
for some x, y, z, w ∈ Z satisfying xw − yz = 1 and (−1)gyg > 0. Also ek` =(
(−)⊗ Lk)H (ch(O)) = ρ(g)( 1 0−k 1
)
ch(O). Then
ΦHE (e
u`) = ρ(g)
(
x y
z w
)(
1 0
−u 1
)
ch(O) = ρ(g)
(
x− yu y
z − wu w
)
ch(O)
and from Proposition 2.1 it is equal to (x− yu)ge(−z+wu)`/(x−yu).
By Ca˘lda˘raru-Willertons’ generalization, the cohomological FMTs are isometries with re-
spect to the Mukai pairing (see [CW], [Huy1, Proposition 5.44]). Therefore for any E ∈ Db(X)
we have
(ΦE · Zu`) (E) =
〈
eu` , ch(Φ−1E (E))
〉
=
〈
ΦHE (e
u`) , ch(E)
〉
.
So the function Zu` ∈ Hom(K(X),C) satisfies the following key relation under the action of
AutDb(X).
Proposition 3.1. We have ΦE ·Zu` = ζ Zv` for ζ = (x− yu)g and v = (−z +wu)/(x− yu).
Note 3.2. Assume there exist a stability condition for any complexified ample class θ` with
a heart Aθ` and slicing Pθ` associated to the central charge function Zθ`. From Proposition
3.1 for any φ ∈ R, ζ Zv` (ΦE (Pu`(φ))) ⊂ R>0eipiφ; that is
Zv` (ΦE (Pu`(φ))) ⊂ R>0ei(piφ−arg(ζ)).
So we would expect
ΦE (Pu`(φ)) = Pv`
(
φ− arg(ζ)
pi
)
,
BRIDGELAND STABILITY CONDITIONS ON ABELIAN THREEFOLDS 11
and so
ΦE (Pu`(0, 1]) = Pv`
(
−arg(ζ)
pi
, −arg(ζ)
pi
+ 1
]
.
For 0 ≤ α < 1, Pv`(α, α + 1] = 〈Pv`(0, α] [1], Pv`(α, 1]〉 is a tilt of Av` = Pv`(0, 1] associated
to a torsion theory coming from Zv`-stability. Therefore, one would expect ΦE(Au`) is a tilt
of Av` associated to a torsion theory coming from Zv`-stability, up to shift.
Moreover, for the nontrivial FMT ΦE (i.e. y 6= 0), when ζ = (x − yu)g is real, we would
expect the equivalence (for some integer q)
ΦE(Au`) ∼= Av`[q].
Here u = x/y + λeilpi/g and v = −w/y − 1
λy2
e−ilpi/g for some l ∈ Z \ gZ and 0 6= λ ∈ R. The
numerology given for g = 3 case is very important in the rest of this paper.
Remark 3.3. Let us consider the numerology for g = 2 case. For b,m ∈ Q with m > 0, recall
Bm`,b` is the tilt of Coh(X) with respect to the torsion theory coming from twisted slope
µm`,b`-stability on Coh(X). Since this category is independent of m, we simply denote it by
Bb. Following the ideas in [Yos] together with the representation of the induced transform
on H2∗(X,Q) with respect to the twisted Chern characters as in Theorem 2.7, one can prove
the equivalence
ΦE [1] (Bb) ∼= Bb′ ,
where b = x/y and b′ = −w/y (see [Huy2]).
4. Relation of FMTs to the Strong B-G Type Inequality
4.1. Some properties of Aω,B. Let (X,L) be a polarized projective threefold with Picard
rank one and let ` be c1(L). Let D,B be in NSQ(X). Then there exists b ∈ Q such that
B = b`. Assume b > 0. Then with respect to the twisted Chern character chD the central
charge function is
Z√3B,D+B(−) = −
∫
X
e−(B+i
√
3B) chD(−).
So for E ∈ Db(X), =Z√3B,D+B(E) =
√
3b`
(
chD2 (E)− b` chD1 (E)
)
.
Proposition 4.1. Let E ∈ B√3B,D+B and let Ei = H iCoh(X)(E). Let E±i be the H-N
semistable factors of Ei with highest and lowest µ√3B,D+B slopes. Then we have the fol-
lowing:
(i) if E ∈ HNν√
3B,D+B
(−∞, 0) and E−1 6= 0, then `2 chD1 (E+−1) < 0;
(ii) if E ∈ HNν√
3B,D+B
(0,+∞] and rk(E0) 6= 0, then `2 chD1 (E−0 ) > 2b`3 chD0 (E−0 ); and
(iii) if E is tilt-stable with ν√3B,D+B(E) = 0, then
(a) for E−1 6= 0, `2 chD1 (E−1) ≤ 0 with equality if and only if chD2 (E−1) = 0, and
(b) for rk(E0) 6= 0, `2 chD1 (E0) ≥ 2b`3 chD0 (E0) with equality if and only if chD2 (E0) =
2b2`2 chD0 (E0).
Proof. For a slope semistable torsion free sheaf G, the usual B-G inequality in terms of
the twisted Chern character is
(
chD1 (G)
)2
` ≥ 2 chD0 (G) chD2 (G)`. The proposition follows in
exactly the same way as [MP, Proposition 3.1]. 
We have Z√3B,D−B(−) = −
∫
X e
−(B+i
√
3B) chD−2B(−) and also chD−2B = e2B chD. There-
fore from the above proposition we get the following.
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Proposition 4.2. Let E ∈ B√3B,D−B and let Ei = H iCoh(X)(E). Let E±i be the H-N
semistable factors of Ei with highest and lowest µ√3B,D−B slopes. Then we have
(i) if E ∈ HNν√
3B,D−B(−∞, 0) and E−1 6= 0, then `2 chD1 (E+−1) < −2b`3 chD0 (E+−1);
(ii) if E ∈ HNν√
3B,D−B(0,+∞] and rk(E0) 6= 0, then `2 chD1 (E−0 ) > 0; and
(iii) if E is tilt-stable with ν√3B,D−B(E) = 0, then
(a) for E−1 6= 0, `2 chD1 (E−1) ≤ −2b`3 chD0 (E−1) with equality if and only if
chD2 (E−1) = 2b2`2 ch
D
0 (E−1), and
(b) for rk(E0) 6= 0, `2 chD1 (E0) ≥ 0 with equality if and only if chD2 (E0) = 0.
4.2. Relation of FMTs to stability conditions. From here onwards let (X,L) be a prin-
cipally polarized abelian threefold with Picard rank one and let ` be c1(L). As before, we
also abbreviate the twisted Chern character chb`(E) = e−b` ch(E) by chb(E).
Similar to [MP, Example 2.5] we can identify some examples of minimal objects of any
Aω,B as follows.
Example 4.3. Let p, q ∈ Q and q > 0. There exist simple semi-homogeneous vector bundles
E±s parameterized by s ∈ X having the Chern character (u3, u2v, uv2, v3) with u, v ∈ Z such
that u > 0, gcd(u, v) = 1 and v/u = p± q. Here the vector bundles E±s are restrictions
of the universal bundles E± on X × X associated to FMTs. Also E±s are slope stable (see
[Muk1, Proposition 6.16]). Then the discriminant in the sense of Drez´et ∆√3q`(E±s ) = 0
and so by [BMT, Proposition 7.4.1] E+s , E−s [1] ∈ B√3q`,p` are ν√3q`,p`-stable. Also we have
=Z√3q`,p`(E±s ) = 0 and chp1(E±s ) 6= 0 and so ν√3q`,p`(E+s ) = ν√3q`,p`(E−s [1]) = 0. Therefore by
[MP, Lemma 2.3] E+s [1], E−s [2] ∈ A√3q`,p` are minimal objects. Moreover one can check by
direct computation that E+s , E−s [1] ∈M√3q`,p` satisfy the strong B-G type inequality.
Let Υ be a non-trivial FMT in (X × X̂)o ˜SL(2,Z) with kernel the universal bundle E on
X ×X. Then the induced transform on H2∗(X,Q) is ΥH = ρ
(
x y
z w
)
for some x, y, z, w ∈ Z
with xw − yz = 1 and y < 0 (see Example 2.6). Here and in the rest of the paper we write
ρ for ρ(3). Now we have ch(E{s}×X) = (−y3, y2w,−yw2, w3). Let Υ̂ be the FMT with kernel
given by Σ∗E∗, where
Σ : X ×X → X ×X : (x1, x2) 7→ (x2, x1)
switches the factors. Then Υ̂[3] is the quasi-inverse of Υ and so we have Υ̂H = ρ
(−w y
z −x
)
.
Also ch(E∗X×{s}) = (−y3,−y2x,−yx2,−x3). For g = 3 case, Theorem 2.7 says
ch−w/y (Υ(E)) = ρ
(
0 y
−1/y 0
)
chx/y(E) = adiag
(
−y3, y,−1
y
,
1
y3
)
chx/y(E),
and we have ch−w/y(E{s}×X) = (−y3, 0, 0, 0) and chx/y(E∗X×{s}) = (−y3, 0, 0, 0).
For some given λ ∈ Q>0, let
b =
(
x
y
+
λ
2
)
, m =
√
3λ
2
, b′ =
(
−w
y
− 1
2λy2
)
and m′ =
√
3
2λy2
.
Proposition 4.4. For E ∈ Db(X), we have
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• if chx/y(E) = (a0, a1, a2, a3) then =Zm`,b`(E) = 3
√
3λ
2 (a2 − λa1) , and
• if ch−w/y(E) = (a0, a1, a2, a3) then =Zm′`,b′`(E) = 3
√
3
2λy2
(
a2 +
1
λy2
a1
)
.
The following result is a generalization of [MP, Proposition 6.2].
Proposition 4.5. For E ∈ Db(X), we have
=Zm′`,b′`(Υ(E)) = − 1|λy|3=Zm`,b`(E), and
=Zm`,b`(Υ̂[1](E)) = −|λy|3=Zm′`,b′`(E).
Proof. Let chx/y(E) = (a0, a1, a2, a3). Then by Proposition 4.4 =Zm`,b`(E) = 3
√
3λ
2 (a2−λa1).
By Theorem 2.7 we have ch−w/y(Υ(E)) = (−y3a3, ya2,−a1/y, a0/y3). So by Proposition 4.4
=Zm′`,b′`(Υ(E)) = 3
√
3
2λy2
(
−1
y
a1 +
1
λy2
ya2
)
=
1
λ3y3
=Zm`,b`(E).
The result follows as y < 0. Similarly one can prove the other equality. 
The aim of the next sections is to prove the following equivalences of abelian categories
which generalizes [MP, Theorem 6.10].
Theorem 4.6. The FMTs Υ[1] and Υ̂[2] give the equivalences of abelian categories
Υ[1] (Am`,b`) ∼= Am′`,b′` and Υ̂[2]
(Am′`,b′`) ∼= Am`,b`.
Remark 4.7. One can see that b,m, b′,m′ in the above theorem are exactly the numbers given
for g = 3 case in Note 3.2. Moreover, the shifts are compatible with the images of Ox under
the FMTs that are minimal objects in the corresponding abelian categories, as discussed in
Example 4.3.
The notion of tilt stability can be extended from rational to real as considered in [Mac2]
for P3. As a result of the above theorem we get the following.
Theorem 4.8. The strong B-G type inequality holds for tilt stable objects of X with zero tilt
slope.
Proof. By [Mac2, Proposition 2.4] it is enough to consider a dense family of classes ω = α`,
B = β` such that α/
√
3 ∈ Q>0, β ∈ Q. Then for given α, β one can easily find x, y ∈ Z,
λ ∈ Q such that gcd(x, y) = 1, α = √3λ/2, β = x/y + λ/2. Now using the Euclid algorithm
and Proposition 2.2 (for example, see Appendix A of [BH]), one can find a non-trivial FMT
Υ which gives the equivalence of abelian categories as in Theorem 4.6. Therefore we only
need to prove the claim for objects in Cm`,b`.
By [MP, Proposition 2.9] it is enough to check that the strong B-G type inequality
is satisfied by each object in Mm`,b` ⊂ Cm`,b`. Moreover, the objects in {M : M ∼=
E∗X×{s}[1] for some s ∈ X} ⊂ Mω,B satisfy the strong B-G type inequality (see Example
4.3). So we only need to check the strong B-G type inequality for objects in Mm`,b` \ {M :
M ∼= E∗X×{s}[1] for some s ∈ X}.
Let E ∈ Mm`,b` \ {M : M ∼= E∗X×{s}[1] for some s ∈ X}. Then E[1] ∈ Am`,b` is a
minimal object and so by the equivalence in Theorem 4.6 Υ[1](E[1]) ∈ Am′`,b′` is also a
minimal object. So Υ[1](E[1]) ∈ F ′m′`,b′`[1] or Υ[1](E[1]) ∈ T ′m′`,b′`. By Proposition 4.5,
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=Zm′`,b′`(Υ[1](E[1])) = 0. Suppose Υ[1](E[1]) ∈ T ′m′`,b′`. Since νm′`,b′`(Υ[1](E[1])) > 0 and
=Zm′`,b′`(Υ[1](E[1])) = 0, we have m′2`2 chb′1 (Υ[1](E[1])) = 0. By [MP, Lemma 1.1 (iii)]
Υ[1](E[1]) ∈ Coh0(X), and so E ∈ Υ̂[1](Coh0(X)). That is, E has a filtration of objects
from {M : M ∼= E∗X×{s}[1] for some s ∈ X}; which is not possible. So Υ[1](E) ∈ Cm′`,b′`.
Moreover, for any x ∈ X we have
Ext1(Os,Υ[1](E)) ∼= Hom(Os,Υ[2](E)) ∼= Hom(E∗X×{s}[1], E) = 0
as E 6∼= E∗X×{s}[1]. Hence Υ[1](E) ∈Mm′`,b′`.
Let chx/y(E) = (a0, a1, a2, a3). Write F = Υ[1](E) and let Fi = H
i
Coh(X)(F ). Then
=Zm`,b`(E) = 0 implies a2 = λa1 (see Proposition 4.4). Now the strong B-G type inequality
says
a3 − λ2a1 ≤ 0.
By Theorem 2.7, ch−w/y(F ) = (y3a3,−yλa1, a1/y,−a0/y3). Then by Proposition 4.2 we have
`2 ch
−w/y
1 (F−1) ≤ −
1
λy2
`3 ch
−w/y
0 (F−1) and `
2 ch
−w/y
1 (F0) ≥ 0.
Therefore `2 ch
−w/y
1 (F ) ≥ − 1λy2 `3 ch
−w/y
0 (F ). That is −yλa1 ≥ − 1λy2 y3a3 and so λ2a1 ≥ a3
as required. 
Then we can deduce the main theorem of this paper:
Theorem 4.9. Let α, β such that α/
√
3 ∈ Q>0 and β ∈ Q. Then the pair (Aα`,β`, Zα`,β`)
defines a Bridgeland stability condition on Db(X).
5. Fourier-Mukai Transforms on Coh(X) and Bω,B
Let us continue the setting introduced in subsection 4.2 for the principally polarized abelian
threefold (X,L) with Picard rank one.
For E ∈ Coh(X) and q ∈ Q, define the twisted slope µq(E) = µ`/√6,q`(E). If ch(E) =
(a0, a1, a2, a3) then µq(E) = a1/a0 − q when a0 6= 0, and µq(E) = +∞ when a0 = 0.
In the rest of the paper we mostly use µq slope for coherent sheaves and we simply write
HNq = HN
µ
`/
√
6,q`
. Moreover define Tq = HNq(0,+∞] and Fq = HNq(−∞, 0].
The isomorphisms Υ̂ ◦ Υ ∼= idDb(X)[−3] and Υ ◦ Υ̂ ∼= idDb(X)[−3] give us the following
convergence of spectral sequences.
Mukai Spectral Sequence 5.1.
Ep,q2 = Υ̂
p
Coh(X)Υ
q
Coh(X)(E) =⇒ Hp+q−3Coh(X)(E),
Ep,q2 = Υ
p
Coh(X)Υ̂
q
Coh(X)(E) =⇒ Hp+q−3Coh(X)(E),
for E. Here ΥiCoh(X)(−) = H iCoh(X)(Υ(−)).
For E ∈ Coh(X), from the above spectral sequences we immediately have Υ̂0Coh(X)Υ0Coh(X)(E)
= Υ̂1Coh(X)Υ
0
Coh(X)(E) = Υ̂
2
Coh(X)Υ
3
Coh(X)(E) = Υ̂
3
Coh(X)Υ
3
Coh(X)(E) = 0, Υ̂
0
Coh(X)Υ
1
Coh(X)(E)
∼=
Υ̂2Coh(X)Υ
0
Coh(X)(E), and Υ̂
1
Coh(X)Υ
3
Coh(X)(E)
∼= Υ̂3Coh(X)Υ2Coh(X)(E).
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Let R ∆ denote the derived dualizing functor RHom(−,O)[3]. Let Υ˜ be the FMT with
kernel the universal bundle E∗ on X ×X. As in [Muk2, (3.8)] we have the following isomor-
phism.
Proposition 5.2. ([PP, Lemma 2.2])
R ∆ ◦ Υ˜ ∼= (Υ ◦R ∆)[3]
This gives us the convergence of the following spectral sequence.
“Duality” Spectral Sequence 5.3.
ΥpCoh(X)
(Extq+3(E,O)) =⇒ ? ⇐= Extp+3 (Υ˜3−qCoh(X)(E),O)
for E ∈ Coh(X).
Note 5.4. Let chq(E) = (a0, a1, a2, a3). Then we have ch
−q(RHom(E,O)) = (a0,−a1, a2,−a3).
Therefore for the FMT Υ˜ we have chw/y(Υ˜(Os)) = chw/y(E∗{s}×X) = (−y3, 0, 0, 0). So the
induced transform is Υ˜H = ρ
(−x y
z −w
)
. Similar results for abelian surfaces have been
considered in [YY, Lemma 6.18].
The following proposition generalizes a series of results in Section 4 of [MP].
Proposition 5.5. We have the following:
(1) for E ∈ Coh(X)
(i) Υ0Coh(X)(E) is a reflexive sheaf,
(ii) Υ3Coh(X)(E) ∈ T−w/y,
(iii) Υ0Coh(X)(E) ∈ F−w/y;
(2) for E ∈ Tx/y
(i) Υ3Coh(X)(E) = 0,
(ii) if E ∈ Coh≤1(X) then Υ1Coh(X)(E) ∈ T−w/y,
(iii) Υ2Coh(X)(E) ∈ T−w/y;
(3) for E ∈ Fx/y
(i) Υ0Coh(X)(E) = 0,
(ii) Υ1Coh(X)(E) is a reflexive sheaf,
(iii) Υ1Coh(X)(E) ∈ F−w/y.
Proof. Proofs of (1), (2) and (3) are identical to the corresponding propositions in [MP] as
listed below after replacing the Chern characters with their twisted counterparts.
(1) (i) [MP, Proposition 4.5], (ii) and (iii) [MP, Proposition 4.7].
(2) (i) [MP, Proposition 4.6], (ii) [MP, Proposition 4.10], (iii) [MP, Corollary 4.17].
(3) (i) [MP, Proposition 4.6], (ii) [MP, Proposition 4.8], (iii) [MP, Proposition 4.16 (i)].

For λ ∈ Q, let Hλ be the abelian subcategory of Coh(X) generated by stable semi-
homogeneous bundles having the Chern character (a3, a2b, ab2, b3) satisfying λ = b/a and
gcd(a, b) = 1. Then H0 consists of all homogeneous bundles on X.
Let Hλ ∈ Hλ. The functor (−) ⊗ Hλ is of Fourier-Mukai type with kernel δ∗(Hλ) on
X × X, where δ : X → X × X is the diagonal embedding. We abuse notation to write Hλ
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for the functor (−)⊗Hλ. If the rank of Hλ is r then the functor Hλ induces a linear map on
H2∗(X,Q) and in matrix form it is given by
HHλ = r ρ
(
1 0
−λ 1
)
.
For some integer n > 0, let Φj , j = 1, . . . , n + 1 be any collection of FMTs in (X × X̂) o
˜SL(2,Z). For λi ∈ Q, i = 1, . . . , n let Hλi ∈ Hλi . Consider the functor Π : Db(X)→ Db(X)
defined by
(]) Π = Φn+1 ◦Hλn ◦ Φn ◦ · · · ◦Hλ2 ◦ Φ2 ◦Hλ1 ◦ Φ1[p].
Since the image of a skyscraper sheaf Os under any Φi is a (shift of) a semi-homogeneous
bundle and being semi-homogeneous is closed under tensoring, the image of any skyscraper
sheaf Os under a composition of (−)⊗Hλis and FMTs in (X × X̂)o ˜SL(2,Z) has Coh(X)-
cohomology concentrated in one position. So we can fix p to be the unique integer for which
ΠiCoh(X)(Os) = 0 for i 6= 0. Then Π is an FM functor with kernel a sheaf U on X ×X. Hence
for any E ∈ Coh(X), Π(E) can have non-trivial Coh(X) cohomology at 0, 1, 2, 3 positions
only. Also one can show that Π induces a linear map ΠH on H2∗(X,Q) given by
ΠH = a ρ
(
x y
z w
)
for some a ∈ Z>0 and x, y, z, w ∈ Q with xw − yz = 1. So U{s}×X = Π(Os) has the Chern
character a(−y3, y2w,−yw3, w3). Assume U{s}×X is not torsion, i.e. y < 0.
The functor Π̂ : Db(X)→ Db(X) is defined by
Π̂ = (Φ1)
−1 ◦H∗λ1 ◦ (Φ2)−1 ◦ · · · ◦H∗λn−1 ◦ (Φn)−1 ◦H∗λn ◦ (Φn+1)−1 [−p− 3].
One can check that Π̂ is an FM functor with kernel Σ∗RHom(U ,O) on X ×X (as before,
Σ : X ×X → X ×X switches the factors). Moreover, Π̂(Os) ∈ Coh(X) for any s ∈ X. So
the FM kernel of Π̂ is Σ∗U∗. Also U is locally free as U{s}×X and U∗X×{s} are locally free.
Moreover, for any E ∈ Coh(X), Π̂(E) can have non-trivial Coh(X) cohomology at 0, 1, 2, 3
positions only, and Π̂[3] is left and right adjoint to Π (and vice versa). The FM functor Π̂
induces a linear map Π̂H on H2∗(X,Q) given by
Π̂H = a ρ
(−w y
z −x
)
.
We have the isomorphisms
Π̂ ◦Π ∼= H0[−3], and Π ◦ Π̂ ∼= H0[−3]
for some homogeneous bundles H0 ∈ H0 with O as a direct summand of H0. Therefore we
have the convergence of spectral sequences
Ep,q2 = Π̂
p
Coh(X)Π
q
Coh(X)(E) =⇒ Hp+q−3Coh(X)(H0E),(=)
Ep,q2 = Π
p
Coh(X)Π̂
q
Coh(X)(E) =⇒ Hp+q−3Coh(X)(H0E),
for E. Here ΠiCoh(X)(−) = H iCoh(X)(Π(−)).
For any E,F ∈ Db(X) we have
Hom(E,F ) ↪→ Hom(E,H0F ), since O is a direct summand of H0
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∼= Hom(E, Π̂ ◦Π(F )[3])
∼= Hom(Π(E),Π(F )), from the adjointness of Π̂[3] and Π.
Note that R ∆ ◦H∗λ ∼= Hλ ◦R ∆. Therefore by iteratively using Proposition 5.2 for each of
the FMTs Φj together with the above isomorphism we have
R ∆ ◦ Π˜ ∼= (Π ◦R ∆)[3]
for some FM functor Π˜ which is of the form (]). Moreover, the FM kernel of Π˜ is U∗ on
X ×X and the induced linear map on H2∗(X,Q) of Π˜ is
Π˜H = a ρ
(−x y
z −w
)
.
The above isomorphism involving the derived dualizing functor gives us the convergence of
the spectral sequence
(==) ΠpCoh(X)
(Extq+3(E,O)) =⇒ ? ⇐= Extp+3 (Π˜3−qCoh(X)(E),O) ,
for E ∈ Coh(X).
The following proposition generalizes the results on FMTs in Proposition 5.5 for FM func-
tors of the form (]).
Proposition 5.6. We have the following:
(1) for E ∈ Coh(X)
(i) Π0Coh(X)(E) is a reflexive sheaf,
(ii) Π3Coh(X)(E) ∈ T−w/y,
(iii) Π0Coh(X)(E) ∈ F−w/y;
(2) for E ∈ Tx/y
(i) Π3Coh(X)(E) = 0,
(ii) if E ∈ Coh≤1(X) then Π1Coh(X)(E) ∈ T−w/y,
(iii) Π2Coh(X)(E) ∈ T−w/y;
(3) for E ∈ Fx/y
(i) Π0Coh(X)(E) = 0,
(ii) Π1Coh(X)(E) is a reflexive sheaf,
(iii) Π1Coh(X)(E) ∈ F−w/y.
Proof. The proofs are similar to that of Proposition 5.5 or the series of similar results in
Section 4 of [MP]. To illustrate the similarity, we shall give the proof for (1)(i) as follows.
Let s ∈ X. Then for 0 ≤ i ≤ 2, we have
Hom(Os,Π0Coh(X)(E)[i]) ↪→ Hom(Π̂(Os), Π̂ Π0Coh(X)(E)[i])
∼= Hom(U∗X×{s}, Π̂2Coh(X)Π0Coh(X)[−2 + i])
from the convergence of the Spectral Sequence (=) for E. So Hom(Os,Π0Coh(X)(E)) =
Ext1(Os,Π0Coh(X)(E)) = 0, and
Ext2(Os,Π0Coh(X)(E)) ↪→ Hom(U∗X×{s}, Π̂2Coh(X)Π0Coh(X)(E))
∼= Hom(U∗X×{s}, Π̂0Coh(X)Π1Coh(X)(E)), from Spectral Sequence (=)
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∼= Hom(Π̂(Os), Π̂ Π1Coh(X)(E)),
∼= Hom(Os,Π Π̂ Π1Coh(X)(E)[3]), from the adjointness of Π̂[3] and Π
∼= Hom(Os, H0Π1Coh(X)(E)).
Hence dim{s ∈ X : Ext2(Os,Π0Coh(X)(E)) 6= 0} ≤ 0. Therefore Π0Coh(X)(E) is a reflexive
sheaf. 
Proposition 5.7. For λ ∈ Q>0
(i) if E ∈ HNx/y(0, λ] then Π0Coh(X)(E) ∈ HN−w/y(−∞,− 12λy2 ],
(ii) if E ∈ HNx/y[−λ, 0] then Π3Coh(X)(E) ∈ HN−w/y[ 12λy2 ,+∞].
Proof. (i) The following proof has a similar structure to that of [MP, Proposition 4.18].
Let E ∈ HNx/y(0, λ]. Pick a bundle H−λ ∈ H−λ of rank r. Let Ξ be the FM functor
defined by
Ξ = Π ◦H−λ ◦ Π̂[3].
The induced liner map of Ξ on H2∗(X,Q) is
ΞH = −ra2 ρ
(
x y
z w
)(
1 0
λ 1
)(−w y
z −x
)
= ra2 ρ
(
1 + λyw −λy2
λw2 1− λyw
)
.
The isomorphism Ξ ◦Π ∼= Π ◦H−λ ◦H0 gives us the convergence of spectral sequence:
Ep,q2 = Ξ
p
Coh(X)Π
q
Coh(X)(E) =⇒ Πp+qCoh(X)(H ′−λE)
for E. Here H ′−λ = H−λH0. So H
′
−λE ∈ HNx/y(−λ, 0]. By (3)(i) of Proposition
5.6 Π0Coh(X)(H
′
−λE) = 0. Now from the convergence of the above spectral sequence, we
have Ξ0Coh(X)Π
0
Coh(X)(E) = 0 and Ξ
1
Coh(X)Π
0
Coh(X)(E) ↪→ Π1Coh(X)(H ′−λE). By (3)(iii) of
Proposition 5.6, Π1Coh(X)(H
′
−λE) ∈ HN−w/y(−∞, 0]. Since we have HN−w/y(−∞, 0] ⊂
HN(1−λyw)/λy2(−∞, 0],
(©) Ξ1Coh(X)Π
0
Coh(X)(E) ∈ HN(1−λyw)/λy2(−∞, 0].
By the H-N property Π0Coh(X)(E) ∈ HN−w/y(−∞, 0] fits into the Coh(X)-SES
(¨) 0→ F → Π0Coh(X)(E)→ G→ 0,
for some F ∈ HN−w/y(− 12λy2 , 0] and G ∈ HN−w/y(−∞,− 12λy2 ]. Assume F 6= 0 for a contra-
diction. Then we can write ch−w/y(F ) = (a0, µa0, a2, a3) for 0 ≥ µ > − 12λy2 .
By applying the FM functor Π̂ to the Coh(X)-SES (¨) we have the following long exact
sequence in Coh(X):
0→ Π̂1Coh(X)(G)→ Π̂2Coh(X)(F )→ Π̂2Coh(X)Π0Coh(X)(E)→ · · · .
By Spectral Sequence (=) Π̂2Coh(X)Π
0
Coh(X)(E)
∼= Π̂0Coh(X)Π1Coh(X)(E) and so by (1)(iii) of
Proposition 5.6 it is in HNx/y(−∞, 0]. Also by (3)(iii) of Proposition 5.6 Π̂1Coh(X)(G) ∈
HNx/y(−∞, 0]. Therefore Π̂2Coh(X)(F ) ∈ HNx/y(−∞, 0]. By (1)(ii) of Proposition 5.6
Π̂3Coh(X)(F ) ∈ HNx/y(0,+∞]. Therefore `2 ch
x/y
1 (Π̂(F )) ≤ 0, and so ya2 ≤ 0.
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Since Ξ0Coh(X)(F ) ↪→ Ξ0Coh(X)Π0Coh(X)(E) we have Ξ0Coh(X)(F ) = 0. Moreover, since F ∈
HN−w/y(− 12λy2 , 0] = HN−(1+λyw)/λy2( 12λy2 , 1λy2 ] we have Ξ3Coh(X)(F ) = 0. Apply the FM
functor Ξ to Coh(X)-SES (¨) and consider the long exact sequence of Coh(X)-cohomologies:
0→ Ξ0Coh(X)(G)→ Ξ1Coh(X)(F )→ Ξ1Coh(X)Π0Coh(X)(E)→ · · · .
By (©), Ξ1Coh(X)Π
0
Coh(X)(E) ∈ HN(1−λyw)/λy2(−∞, 0], and by (1)(iii) of Proposition 5.6,
Ξ0Coh(X)(G) ∈ HN(1−λyw)/λy2(−∞, 0]. Therefore, Ξ1Coh(X)(F ) ∈ HN(1−λyw)/λy2(−∞, 0]. By
(2)(iii) of Proposition 5.6, Ξ2Coh(X)(F ) ∈ HN(1−λyw)/λy2(0,+∞]. So
`2 ch
(1−λyw)`/λy2
1 (Ξ(F )) ≥ 0.
On the other hand, we have
ch(1−λyw)/λy
2
(Ξ(F )) = ra2 ρ
(
1 0
1−λyw
λy2
1
)(
1 + λyw −λy2
λw2 1− λyw
)(
1 0
w
y 1
)
ch−w/y(F )
= ra2 ρ
(
1 −λy2
1
λy2
0
)
ch−w/y(F )
= ra2

∗ ∗ ∗ ∗
− 1
λy2
−2 −λy2 0
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗


a0
µa0
a2
a3

= ra2
(
∗,−2a0
(
µ+
1
2λy2
)
− λ2y2a2, ∗, ∗
)
.
Here a0 > 0,
(
µ+ 1
2λy2
)
> 0, ya2 ≤ 0 and so `2 ch(1−λyw)/λy
2
1 (Ξ(F )) < 0. This is the required
contradiction.
(ii) We shall give a proof which is similar to that of [MP, Proposition 4.19].
Let E ∈ HNx/y[−λ, 0] for some λ ∈ Q>0. From Spectral Sequence (==) for E we have(
Π3Coh(X)(E)
)∗ ∼= Π˜0Coh(X)(E∗).
Here Π˜H = a ρ
(−x y
z −w
)
and we have E∗ ∈ HN−x/y[0, λ]. So by (3)(i) of Proposition 5.6
and the above result we have Π˜0Coh(X)(E
∗) ∈ HNw/y(−∞,− 12λy2 ]. Hence
(
Π3Coh(X)(E)
)∗ ∈
HNw/y(−∞,− 12λy2 ] and so Π3Coh(X)(E) ∈ HN−w/y[ 12λy2 ,+∞] as required.

Recall, for some fixed λ ∈ Q>0, b =
(
x
y +
λ
2
)
, m =
√
3λ
2 , b
′ =
(
−wy − 12λy2
)
and m′ =
√
3
2λy2
.
Let Υ, Υ̂ be the FMTs as introduced in subsection 4.2.
Theorem 5.8. We have the following:
(i) Υ (Bm`,b`) ⊂ 〈Bm′`,b′`,Bm′`,b′`[−1],Bm′`,b′`[−2]〉, and
(ii) Υ̂[1]
(Bm′`,b′`) ⊂ 〈Bm`,b`,Bm`,b`[−1],Bm`,b`[−2]〉.
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Proof. (i) If E ∈ Fb = HNx/y(−∞, λ2 ] then by (3)(i) of Proposition 5.5 and (i) of Proposition
5.7 Υ0Coh(X)(E) ∈ Fb′ . Also by (1)(ii) of Proposition 5.5 Υ3Coh(X)(E) ∈ T−w/y ⊂ Tb′ .
Therefore Υ(E) has Bm′`,b′`-cohomologies in 1,2,3 positions. That is
Υ (Fb) [1] ⊂ 〈Bm′`,b′`,Bm′`,b′`[−1],Bm′`,b′`[−2]〉.
On the other hand, if E ∈ Tb = HNx/y(λ2 ,+∞] then by (2)(i) of Proposition 5.5
Υ3Coh(X)(E) = 0 and by (2)(iii) of Proposition 5.5 Υ
2
Coh(X)(E) ∈ HN−w/y(0,+∞] ⊂ Tb′ .
So Υ(E) has Bm′`,b′`-cohomologies in positions 0,1,2 only. That is
Υ (Tb) ⊂ 〈Bm′`,b′`,Bm′`,b′`[−1],Bm′`,b′`[−2]〉.
Hence Υ (Bm`,b`) ⊂ 〈Bm′`,b′`,Bm′`,b′`[−1],Bm′`,b′`[−2]〉, as Bm`,b` = 〈Fb[1], Tb〉.
(ii) We can use (3)(i), (3)(iii), (2)(i), (1)(iii) of Proposition 5.5 and (ii) of Proposition 5.7
in a similar way to the above proof.

Similar to section 5 in [MP] one can prove the following. In this case, we reduce to the
special case of [MP, Theorem 5.1].
Lemma 5.9. Let a, b ∈ Z be such that a > 0 and gcd(a, b) = 1. Let E be a slope stable torsion
free sheaf with ch
b/a
k (E) = 0 for k = 1, 2. Then E
∗∗ is a slope stable semi-homogeneous bundle
with ch(E∗∗) = (a3, a2b, ab2, b3).
Proof. The slope stable torsion free sheaf E fits into the short exact sequence 0 → E →
E∗∗ → T → 0 for some T ∈ Coh≤1(X). Now E∗∗ is also slope stable and so by the usual
B-G inequality ch
b/a
k (E
∗∗) = 0 for k = 1, 2. Now we have chk(End(E∗∗)) = 0 for k = 1, 2
and End(E∗∗) is a slope semistable reflexive sheaf. By [MP, Theorem 5.1] End(E∗∗) is a
homogeneous bundle. Therefore E∗∗ is a stable semi-homogeneous bundle (see [Muk1]) and
so it is a restriction of a universal bundle which is a kernel of some FMT. Since X is principally
polarized its Chern character is (a3, a2b, ab2, b3) as required. 
6. Equivalences of the Categories Aω,B Given by FMTs
The aim of this section is to complete the proof of Theorem 4.6.
It will be convenient to abbreviate the FMTs Υ and Υ̂[1] by Γ and Γ̂ respectively. Then by
Theorem 5.8, the images of an object from Bm`,b` (and Bm′`,b′`) under Γ (and Γ̂) are complexes
whose cohomologies with respect to Bm′`,b′` (and Bm`,b`) can only be non-zero in the 0, 1 or
2 positions.
The abelian category Bm`,b` = 〈Fb[1], Tb〉 does not depend on m > 0. So in the rest of the
paper we write
Γib(E) := H
i
Bm`,b`(Γ(E)).
We have Γ◦ Γ̂ ∼= idDb(X)[−2] and Γ̂◦Γ ∼= idDb(X)[−2]. This gives us the following convergence
of spectral sequences and they generalize [MP, Spectral Sequence 6.1].
Spectral Sequence 6.1.
Ep,q2 = Γ̂
p
bΓ
q
b′(E) =⇒ Hp+q−2Bm`,b` (E),
Ep,q2 = Γ
p
b′Γ̂
q
b(E) =⇒ Hp+q−2Bm′`,b′`(E).
Proposition 6.2. For objects E we have the following:
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(1) for E ∈ T ′m′`,b′`
(i) H0Coh(X)(Γ̂
2
b(E)) = 0, and (ii) if Γ̂
2
b(E) 6= 0 then =Zm`,b`(Γ̂2b(E)) > 0,
(2) for E ∈ F ′m′`,b′`
(i) H−1Coh(X)(Γ̂
0
b(E)) = 0, and (ii) if Γ̂
0
b(E) 6= 0 then =Zm`,b`(Γ̂0b(E)) < 0,
(3) for E ∈ T ′m`,b`
(i) H0Coh(X)(Γ
2
b′(E)) = 0, and (ii) if Γ
2
b′(E) 6= 0 then =Zm′`,b′`(Γ2b′(E)) > 0,
(4) for E ∈ F ′m`,b`
(i) H−1Coh(X)(Γ
0
b′(E)) = 0, and (ii) if Γ
0
b′(E) 6= 0 then =Zm′`,b′`(Γ0b′(E)) < 0.
Proof. The proofs for (1), (2), (3), (4) are similar to the proofs of [MP, Propositions 6.4, 6.5,
6.6]. However we give proofs of some of them to illustrate the similarities.
(1)(i). Let E ∈ T ′m′`,b′`. For any s ∈ X,
Hom(Γ̂2b(E),Os) ∼= Hom(Γ̂2b(E), Γ̂2b(E{s}×X))
∼= Hom(Γ̂(E), Γ̂(E{s}×X))
∼= Hom(E, E{s}×X) = 0,
since E ∈ T ′m′`,b′` and E{s}×X ∈ F ′m′`,b′`. Therefore H0Coh(X)(Γ̂2b(E)) = 0 as required.
(4)(ii). Let E ∈ F ′m`,b`. From (i) of (4), we have Γ0b′(E) ∼= A for some 0 6= A ∈ Tb′ =
HN−w/y(− 12λy2 ,+∞].
Consider the convergence of the spectral sequence:
Ep,q2 = Γ
p
Coh(X)(H
q
Coh(X)(E)) =⇒ Γp+qCoh(X)(E)
for E. Let Ei = H
i
Coh(X)(E). Then by Proposition 4.1, E−1 ∈ HNx/y(−∞, 0] and so by
(3)(iii) and (1)(iii) of Proposition 5.5 we have
Γ1Coh(X)(E−1) ∈ HN−w/y(−∞, 0], and Γ0Coh(X)(E0) ∈ HN−w/y(−∞, 0].
Therefore from the convergence of the above spectral sequence for E, we have
A ∈ HN−w/y(−
1
2λy2
,+∞] ∩HN−w/y(−∞, 0] = HN−w/y(−
1
2λy2
, 0].
Also by (3)(ii) and (1)(i) of Proposition 5.5 Γ1Coh(X)(E−1) and Γ
0
Coh(X)(E0) are reflexive
sheaves and so A is reflexive. Let ch−w/y(A) = (a0, a1, a2, a3). Then from the usual B-G
inequalities for all the H-N semistable factors of A we obtain a2 +
1
2λy2
a1 ≤ 0. So we have
=Zm′`,b′`(Γ0b′(E)) = =Zm′`,b′`(Γ0b′(A)) =
3
√
3
2λy2
(
a2 +
1
λy2
a1
)
≤ 0.
Equality holds when A ∈ HN−w/y[0] with ch−w/y(A) = (a0, 0, 0, ∗). Then, by considering a
Jordan-Ho¨lder filtration for A together with Lemma 5.9, A has a filtration of sheaves Ki each
of them fits into the Coh(X)-SESs
0→ Ki → E{xi}×X → OZi → 0
for some 0-subschemes Zi ⊂ X. Here Γ0b′(E) ∼= A ∈ V Γ̂Bm`,b`(2) implies A ∈ V Υ̂Coh(X)(2, 3). An
easy induction on the number of Ki in A shows that A ∈ V Υ̂Coh(X)(1, 3) and so A ∈ V Υ̂Coh(X)(3).
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Therefore Zi = ∅ for all i and so Γ̂2bΓ0b′(E) ∈ Coh0(X). Now consider the convergence of the
Spectral Sequence 6.1 for E. We have Bm`,b`-SES
0→ Γ̂0bΓ1b′(E)→ Γ̂2bΓ0b′(E)→ G→ 0,
where G is a subobject of E and so G ∈ F ′m`,b`. Now Γ̂2bΓ0b′(E) ∈ Coh0(X) ⊂ T ′m`,b` implies
G = 0 and so Γ̂0bΓ
1
b′(E)
∼= Γ̂2bΓ0b′(E). Then we have Γ0b′(E) ∼= Γ0b′Γ̂0bΓ1b′(E) = 0. This is not
possible as Γ0b′(E) 6= 0. Therefore we have the strict inequality =Zm′`,b′`(Γ0b′(E)) < 0 as
required. This completes the proof. 
As in [MP, Lemma 6.7, Corollary 6.8, Proposition 6.9] we obtain the following table of
results for the images of B-objects under the FMTs.
E Γ0b′(E) Γ
1
b′(E) Γ
2
b′(E)
F ′m`,b` 0 F ′m′`,b′` T ′m′`,b′`
T ′m`,b` F ′m′`,b′` T ′m′`,b′` 0
E Γ̂0b(E) Γ̂
1
b(E) Γ̂
2
b(E)
F ′m′`,b′` 0 F ′m`,b` T ′m`,b`
T ′m′`,b′` F ′m`,b` T ′m`,b` 0
Now we have Γ[1]
(
F ′m`,b`[1]
)
⊂ Am′`,b′` and Γ[1]
(
T ′m`,b`
)
⊂ Am′`,b′`. Since Am`,b` =
〈F ′m`,b`[1], T ′m`,b`〉, Γ[1] (Am`,b`) ⊂ Am′`,b′`. Similarly Γ̂[1]
(Am′`,b′`) ⊂ Am`,b`. The isomor-
phisms Γ̂[1] ◦ Γ[1] ∼= idDb(X) and Γ[1] ◦ Γ̂[1] ∼= idDb(X) give us the equivalences
Γ[1] (Am`,b`) ∼= Am′`,b′`, and Γ̂[1]
(Am′`,b′`) ∼= Am`,b`
of the abelian categories as claimed in Theorem 4.6.
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